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Aut X and €2,X is subtle. Passing to an extrinsic notion of symmetry is convenient in that
it allows us to avoid having to do any of this.

To remove some of the mystery of these assertions, consider the simple example of a
quantum mechanical system whose dynamics is invariant under rotations of 3-dimensional
space. There is an intrinsic SO(3) symmetry, and one possibility is for the states of the
system to form a representation thereof. But the fact that Aut X is non-trivial for the
object of quantum-mechanical theories (cf. §4.2) means that one can also have projective
representations of SO(3).

Carrying on our discussion of the physics interpretation, an important remark is that
physicists are presumably interested only in objects in X that admit a point (since otherwise
there is no QFT in the ‘object of QFTs’) and only in G-actions on X that admit a homotopy
fixed point (since otherwise there will be no QFT that admits a G-symmetry under the given
action). Moreover, given a G and an X, it would be desirable to have a means of considering,
in one go, all possible actions admitting fixed points, along with their homotopy fixed points.
We can achieve this by considering not just the topos X,z in which an object corresponds
to a G-action, but also the related category of pointed objects.

Given any topos X, we define the corresponding category of pointed objects X, as the
slice category X.,.> We claim that (X,p¢). is a category whose objects are equivalent to
homotopy fixed points of G-actions. Indeed, the terminal object * in X,pg is idpg, so a
section is manifestly an object in (X;g¢).. To recover the G-action (which is necessarily
one that admits a homotopy fixed point), we simply follow the functor (X;s¢). = X/s¢
that forgets the point, while to recover the underlying fixed point * — X, we follow the
functor (b7;). : (X;¢)« = X. induced by b, : X/e — X (i.e. pullback along the basepoint
be : * = BG).

As well as recovering the individual homotopy fixed point corresponding to an object in
(X/Bc)«, we can recover the space (not smooth space) of homotopy fixed points of a given
action as the fibre of the functor (X,3¢). — X,p¢ above a G-action X/G — BG. Indeed,
this is equivalent via §2.1.2 of [Lur09a] to the space X(*, X"%).

It is sometimes useful to exploit a relation, described in Appendix B.1, between the
category (X/pc). and the topos Fun(A', X)/d,.. Since the latter is evidently equivalent
to the topos of actions on objects given by arrows in X by the group given by looping the

5 Note that X, is not a topos (unless it is trivial), so the usual theorems for topoi do not apply.

Definition 5.1.3. For a topological group G, the category G-Etay is defined to be the cat-
egory whose objects are triples (E,p,E) where (E,p) is an étalé space over X and £ =
({Eg}gec {€g}gec) is a partial action of G on E, and whose morphisms between (E,p,E)
and (E',p',&') are étalé morphisms f : E — E' which satisfy f(E,) C E; and the analogous
commutative diagram to 10.

We now let G be a Lie group, corresponding to the symmetry group of our system. The
corresponding category of étalé spaces is G9-Etay, where the topological group G¢ is the group
G equipped with the discrete topology. Our functors I' and J" can then be modified to account
for partial actions as follows.?

Definition 5.1.4. The equivariant local sections functor I : G-Fiby — G¢-Etax takes (Y,m,))
to (LY, T'm,IY), with 'Y := ({IY,}eqa, {TV,}geca) and

'Y, :={[8]: €'Y | B(z) € Yy YV € dom(B),m 0 Yy-1 0 3 is an open embedding}, (11)
IV : DYy = T [Blg = [Ygo Bohy L, 4(a)s (12)

where hg g is the map defined by moY, 08, but with its codomain restricted to be its image. The
functor T takes the morphism f:Y =Y to f:TY - TY': o], — [f o al,.

Definition 5.1.5. The equivariant rth-jet functor J” : G-Fiby — G-Fiby takes (Y,m, ) to
(JY, 7", J"Y), with J*Y = ({J"Y}geq, {J Vy}gec) and

JY,={j;8 € JY | B(x) € Y, Vz € dom(B),m 0 Y -1 0 3 is an open embedding}, (13)
T Vg I Y1 = Ty jiB e gy oy (Ygo Bo hy ), (14)

where again, hg g is the map defined by wo Yy o 8, but with its codomain restricted to its image.
The functor J* takes the morphism f:Y =Y to J'f : JY = JY': jla s ji(f o @).

The functors I' and J" preserve the same properties listed in Lemmas 2.3.4 and 2.3.5. In
addition, we have the following

Lemma 5.1.6. Say a morphism between (Z,(,2) and (Y,7,Y) in G-Fibx is an embedding
of partial actions if the underlying fibred morphism ¢ : Z — Y is an embedding such that
Zy = L_I(Yg) for all g € G, along with the analogous statement for G-Etay. The functors J”
and I preserve embeddings of partial actions. (Proof: Appendiz B)

Returning to natural transformations, we have the following

Proposition 5.1.7. The maps ="' : J'Y — J'Y form a natural transformation of functors
G-Fiby — G-Fiby. The maps j* : 'Y — I'J"Y form a natural transformation in of functors
G-Fiby — G4-Etay. (Proof: Appendiz B)

We now go on to constraints, which we express by a single

Theorem 5.1.8. The results given in §3 hold with the categories Fibx and Etay replaced with
G-Fibyx and G%-Etay, with the functors replaced by their corresponding equivariant versions
defined in 5.1.4 and 5.1.5, and with ‘embeddings’ replaced with ‘embeddings of partial actions’.
(Proof: Appendiz C)

9The proof that these functors are well defined is given in Appendix B.
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